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(f, u) = (12, 12)
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(b)(a)

WV

WV

(f, u) = (0, 5)

(f, u) = (0, 0)

WV

excess(v) = 4 excess(w) = 6(f, u) = (5, 5)

(f, u) = (-5, 0)

excess(v) = 3 excess(w) = 1

excess(v) = 0 excess(w) = 4(f, u) = (3, 5)

(f, u) = (-3, 0)

WV

excess(w) = 1(f, u) = (0, 5)

(f, u) = (0, 0)

excess(v) = 9
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d = 6

d = 5

d = 5

excess(v) = 5

(f, u) = (3, 4)

(f, u) = (1, 1)

d = 10
(f, u) = (0, 10)

New d(v) = min{6, 10} + 1 = 7
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WV

(f, u) = (0, 5)

(f, u) = (0, 0)

Not a residual arc

excess(v) = 3 excess(w) = 1

WV

(f, u) = (3, 5)

(f, u) = (-3, 0)

Now a residual arc

excess(v) = 0 excess(w) = 4
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Sfe0U�� Y�c�T�SVP0,mR0^�T�2�gah ] ^_PEU%PZR�c�P�c9TVT`PCR0U%g:3�UXWXS�c�T�Wac9gEUXg ^.+ PCR0Ul� Z v 3�[\^�60TVU���Êyg�, ����UXPZ[\SVW-6kc�g�, � �KUXPZ[\SVW
UXPEW�h+¡ c�[\U ] v � WX^���30TVUXPEU�h¦��R0Uae�]nR-,�c�[\UK]8UmWX^`e0gjS 2�Ua[�S�e0� g:3�UXWXSfc9T8Wac9gEUXgKc9Pic9TVT��L��R0UI[\Uac9gj^`e�S�g
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Eulerian cycle

yCzT{8| p ,W~ � � 5 ��� 5 � Y0T�Ua[�S�c_eIW ,0WXT�U�h
PZR�c9P)PZR0UKgEPZc�e826c�[;2|[\U�26Y0WXPESV^`e0g�^.+%^`e0U�3�[\^�60TVU�� PE^Ic�e0^�PZR0Ua[)c�3"30T ,|^`e0T ,|Pj^�PZR0U$U!# c�WXPogE^_T�Y0PjS�^0e0gah
a�Uic�[�U�S�e_PEUa[\UXgjPEU�2|Sfe|c-3"3�[\^ #`S��mc9PjU�gE^�TfY0PESV^`e0g�c�e82|R0UaY�[\SVgEPESVWXg�6�c�e82|R0Ua[�UiPZR0U�2�S V�Ua[\Uae_PoWac9gjUXg�Wac�e
��S���U$Uae�PESf[\UXT ,�2�S V�Ua[\Uae_P�[\UXgCY0T�Pjgah���e�PZR0SVgoTVUXWXPZY�[\U-6 ]8U�]�SVTVTPZc9T `�c-6�^`Y0Poc-3"3�[\^ #`S��mc9PjS�^0e|c9TV��^`[�S�PCR*�Kg
c�e82|R0UaY�[\SVgEPjS�WXg%+!^`[8PCR0U � Z v h ��e�PZR0Uie0U!#`P)T�UXWXPCY�[\U-66]8U�]�SVTVT PZc9T `�c-6�^`Y0P�U!#�c9WXP�gj^�TfY0PESV^`e0gah

& K8) � � GDI"!�M #~w�saM I�zB)IxN{�I	G9Mfs�, # rcJ!I	Gms�,�L��Ku#F
& K G K~FHG	L�x:M$# M+z�w�GkMNL�r�K

M,���z��Iz��Zz n � 2 � 5"< 	���� º��������
��> � � $*7��f��� � ��5 �G>���� � � =��
� ��� ��� ��� �
��	 � � � �
� �¢� � �f� � ����B��
� �����~dSU$�� �~; � � ����� � � � �
��� ��� 	�º �
� �:=��
� � � � � �G>���� ��b� � ��	 � �~d � � �
� � ��� 	Yº��
� �:=��
� � �������º � � � 	  CB
�
� � � ��� � ��5 � >���� � � ��� ��� �
��		>
M,���z��Iz��Zz n � 2 L 5"< �w����� ������	 BDB-B	��� � � � BDB B#�����
� ��� B���	 � ����	 � � � º�� ��	 �
� ��º����f� ���15 ��B#�� B���	=B���>
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���  � � ��������	�º ��	 �hBy; ���
� B!��	 	 � B	� � � º����f� � � i"��� 	�B���� �l� ��� ������	 B�B-B	���
��� � �!� � �!� � � �
� � ���bº�� � � � �8B�� � ��� �:5���� ����� � ����	�B��u> � 6 ��� � ��º�� ��� � � �jh � 2 >

M,���z��Iz��Zz n � 2 � 5"< º���� � � � � � ��� � ��  � �w����� ������	 � =��
� B���	�� ����	 � ���w����� ������	AB�B-B	����>
�� , n-p ,�. s � 5 b � � ��	��l� ��� ������	jº ���f���"� b � � B���	 	���B#� � � ��	 � � � � �8B�	�� � � � � � ��� � 	 � �$º ������>

FHGDI	I�J8K Ê�� ¡1a�Uic�[�Ui��S���Uae�PZR�c9PPb�WX^`e�PCc9Sfe0g�c�e � Y0TVUa[\Sfc�e�W ,0WXT�U�hPW ^`e0gES�2�Ua[�cme0^82�U � h Z PZc_[\PESfe0�
c9P � 6��_^|c�[\^`Y�e82~PZR0U � Y0TVUa[\Sfc�e W ,`WXTVU�c�e82 U���Uae�PCY�c9TVT ,~Uae82�Sfe0�*c�P � h a�UKWac�e&3�c�S�[�Y"3 PZR0UKU�2���UXg
��^�Sfe0��Sfe>c�e82K^`Y0P^.+ � 6-, �mc9PEWXR0Sfe0��c�e$U�2���U8]8UoY0gEU�2KPE^�TVUac���U � ]�SVPZRKc�eKU�2���U8]8U�Y0gEU�2mPE^i[�UXPZY�[Ee
PE^��>e0U!#`P�PjS/��U�h ] ^_PEU�PZR�c9P8PZR0SVg�]8^`[�`_g 6�UXWac�Y0gjUiPZR0U�W ,0WXTVU5�0S�gjS�Pjg�c�e>U�2��_U�U!# c9WXPjT ,>^`e0WXU�hG�)R`Y0g �
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Case 1: Self loop Case 2: Single edge between
two vertices

yMz){8| p ,W~ ���C5 � �x5 L c9gEU�Wac9gEU%+!^`[§�)R0UX^`[\U�� s ��h
R�c9g8U���Uae<2�UX�`[�UXU�h�a�U�Wac�e>[\U�3�Uac�P�PZR0Uic�[\�0Y*�KUae�P +�^0[@c_e-,m^_PZR0Ua[J��Ua[\PEU!#�hG¤)Uae0WXUic9TVT���Ua[\PESVWXUXg�R�c���U
U���Uae 2�UX�`[\UXU�h
Ê�� ¡ L ,���e826Y0WXPESV^`e>^`eKPZR0Une`Y*��6�Ua[�^.+�U�2���UXg	h-a U�c�[�U@�_S �_UaemPZR�c�P%PZR0U��0[Ec�3�RKSVg8WX^`e�e0UXWXPEU�2Ic�e82

c9TVT���Ua[�PESVWXUXg�R�c���UnU���Uae�2�UX�0[\UXU�h
L c9gEUHW�c�gEU � ] Y*��6�Ua[>^.+iU�2��_UXg¼³ 2 h ¤)Ua[\U|]8U~R�c��_U|^`e0T ,bP\]8^�Wac9gEUXgIc9g>gZR0^9]oebSfe ¨SV�`Y�[\U

� � �jh �?s h
��e�Wac9gEU 2 69PZR0U8�`[Ec-3�RiSVg�WX^`e�e0UXWXPEU�2�c�e82}U���Ua[0,5�_Ua[\PEU!#�R�c�gU���Uae 2�UX�`[\UXU��`c_e82mSVP%R�c9g%c�e � Y0T�Ua[�S�c_e

PE^`Y�[ h���e�Wac9gEU 2 6�c�T�T ��Ua[\PjS�WXUXg�R�c���Ui^82"2>2�UX�0[\UXUmc�e82|PZR0Ua[�UiSVgie0^ � Y0TVUa[\Sfc�e�W ,`WXTVU�h!��R0Ua[\U +!^`[\U$^`Y�[
R	, 3�^�PZR0UXgESVgnS�gnWX^`[E[�UXWXP�+!^`[8PCR0U56�c9gEUiWac�gEU�h
��e826Y0WXPjS �_U�gjPEU�3 � � gEgCY*�KUiPZR0U�PCR0UX^`[\U�� SVgnPZ[EY0U%+!^`[8c9TVT ��6 2 U ��U $)Ç 2 h
� � � � ��� � ��Ua[0,Ie0^�2�UiR�c9gN2�UX�`[\UXU 2 h Z Sfe0WXUyb SVg�WX^`e�e0UXWXPEU�296*b �KY0gEP�6�UicKW ,`WXTVU-6 ]oR0SVW R>SVgnPZR0U

� Y0TVUa[\Sfc�e�W ,0WXTVUi]8Uic�[\U�TV^0^?`�Sfe0� +�^0[Xh
� � � � ������R0Ua[\UIU!#0SVgEPEgmc~e0^�2�UI^ + 2�UX�0[\UXUI�`[\Uac9PjUa[�PZR�c�e P\]8^6h`�)R0Uae�PZR0Ua[�U5��Y0gjP@6�U|c�W ,0WXTVU

PZR�[\^0Y0�`R>PZR0SVgoe0^82�U¼Ê 6�UXWac�Y0gEUic9TVT�e0^82�U52�UX�`[�UXUXgoc�[\U�U���Uae�¡ h � +%]8U�[\U���^
�_UoPZR0SVgnW ,`WXTVU ++[\^���b c�e82
c�3"30T ,|PCR0U�Sfe826Y0WXPES���UIR	, 3�^�PZR0UXgESVg�PE^>Uac9WXR|^ +%PZR0UKWX^`e�e0UXWXPEU�2�WX^$�H3�^`e0Uae_PEgnT�U +!PiSfe�PZR0UK�`[Ec-3�R 66]8U
��UXP � Y0TVUa[\Sfc�e W ,`WXTVUXgmSfe PZR0U�WX^���3�^`e0Uae_PEgah Ê ] ^�PEUmPZR�c�P�[�U��K^��`Sfe0��c�W ,`WXTVU `�UXU�30g�e0^�2�U�2�UX�0[\UXUXg
U���Uae�h+¡
a�U�Wac_e�3�c9PEWXRKPZR0UXgEU � Y0TVUa[\Sfc�e}W ,0WXT�UXg8PE^_��UXPZR0Ua[%Y0gjS�e0�KPZR0Un[\U��K^���U�2mW ,0WXTVU�c9g +�^_T�TV^9]�gahC� [Ec���Ua[\gEU

PZR0U~[\U��K^���U�2bW ,0WXT�U�hB�)R0U ��[\gEP}PES��KU5,�^0YQUae�PEUa[}c�WX^$�H3�^`e0Uae_P�6�gZc�, c9PH��Ua[\PEU!# � 6�PZ[Ec���Ua[�gEUISVPEg
� Y0TVUa[\Sfc�e W ,0WXT�U>PE^IWX^$��UF6�c�W `�PE^ � 6 c�e82~WX^`e_PESfe`Y0U>PZ[Ec���Ua[\gjS�e0�>PZR0U�[�U��K^���U�2~W ,`WXTVUIc9g�gZR0^9]oe�Sfe
¨SV�`Y�[\U � � �jh ��� h
Z Sfe0WXUmU���Ua[0,IU�2��_UiSVg�UXSVPZR0Ua[n^`e�PZR0U�[�U��K^���U�2|W ,0WXTVU�^0[�Sfe�^`e0UK^.+%PZR0U$WX^`e�e0UXWXPEU�2~WX^$��3�^`e0Uae�Pjg�6

PZR0Ui[\UXgCY0T�PjS�e0�IW ,0WXTVUiWX^`e_PZc9Sfe0goc�T�T PZR0UiU�2���UXg)S�e�PZR0U��`[Ec-3�RIc�e82*R0Uae0WXU$S�g�c�e � Y0T�Ua[�S�c_eIW ,0WXT�U�h
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��B�� ��� � � i
�
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FHGDI	I�J8K W8^`e0gES�2�Ua[mc�e0^�2�U � h Z Y"3"3�^�gjUIS�PKSVg��`SVgESVPEU�22��^`[\U>PZR�c�e~^`e0WXU>SfeQPZR0U>��S���Uae�W ,0WXTVU|c�e82
gZY"3"3�^�gEUIPZR�c9P$]oR0UaeQ]8U��0S�gjS�P}S�PKPZR0U>gEUXWX^`e82 Ê�^`[ic�e	,�Tfc9PEUa[�¡�PES��KU-6PCR0U�gEU���Y0Uae0WXU|^ + �_Ua[\PESVWXUXgKS�g
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Cycle containing

our initial point
Connected components with
their Eulerian cycles

v

yCzT{8| p ,W~ � � 5 �
� 5 ��e826Y0WXPjS �_U�gjPEU�3>Sfe���R0UX^`[�U�� s �
hfhfh«·96 ��6 �$hfhfhVh+��R0Uae 6_]@U$Wac�e5��^�2�S + ,IPZR0UiW ,0WXTVUF6	,Ig `_S73"30S�e0� ��6 ��> ��>hi��_^�Sfe0�	2�Sf[\UXWXPET , ++[\^���·�PE^�� c9g
gZR0^9]oe>Sfe¦¨SV�`Y�[�U � ��Eh �8L h
] ^�PEU|PCR�c9P�26Y0U~PE^�PZR0U�PZ[\Sfc�e0��TVU~Sfe0U�� Y�c�T�SVP0,-6n]8U|��UXPIc�W ,0WXTVU~]�SVPZR�e0^Q�`[\Uac9PjUa[mTVUae0��PZR�h a�U

Wac�e [\U�3�Uac9P>PZR0SVg�3�[\^`WXU�26Y�[�U*PjS�TVT�c9TVToPCR0U>��Ua[\PjS�WXUXgIc�[\U �`SVgESVPEU�2l^`e0T ,b^`e0WXU�h<a U|Uae82'Y"3b]�SVPZR c
¤nc-�KSVTVPE^`e0Sfc�e W ,`WXTVU>^.+ e0^��`[\Uac9PEUa[nTVUae0��PCR�h ] ^�PEU���]8UKgZR�c9TVT@R0Uae0WXU +!^`[\PCR�[\U +!Ua[�PE^IPZR0U<3�[\^`WXU�26Y�[�U
]8U 6�Y0gjPoY0gEU�2*c�g��jgZR0^`[\P � WaY0PjPESfe0�mPZR0UiW ,0WXTVU��6h

& K p K p t�) � � GDI"!�M$#*w�saM I�z2�G	L`L )Ixf{*IxG9MNs�,'# K
Ê!c�¡ ¨S�e82IPCR0U �KSfe0S��KY*� g:3�c_e�e0S�e0�>PZ[\UXUWÊ D Z � ¡�= Y�e82�Ua[�� & � h
Ê 6�¡zW8^`e0gES�2�Ua[KPZR0U��`[Ec�3�R b E ³ Ê\e���= ��=n¡ h �!PmSVg>WX^`e�e0UXWXPEU�2lc�e82bU���Ua[0,A��Ua[�PEU!# R�c9g>U���Uae

2�UX�`[\UXU�hG��R0Ua[�U +�^`[�U-6 6	, k U����}c ��L 60SVPoR�c9g�c � Y0TVUa[\Sfc�e�W ,`WXTVU�h
ÊyW�¡ ¨S�e82|c_e � Y0TVUa[\Sfc�e�W ,`WXTVUKSfe�b E c�e82�gZR0^`[\P � WaY0P8SVPnPE^K��UXPoc�¤nc-�KSVTVPE^`e0Sfc�e�W ,`WXTVU�h

�� , n-p ,�. s-# 5 � � � � ��������� º������
�
�8> � � � ��7�� ��� � ��5 � >���� �
��	 ��� º �������
�8> = ��� �l��B	��� � ����	 @ 6 � >
FHGDI	I�J8Klk UXP � � 6�UnPZR0UnTVUae0��PZR}^.+�PZR0U�^830PES��mc9T6Pj^`Y�[%c�e82 � PZR0UnTVUae0��PZR}^.+�PZR0UoPj^`Y�[��S���Uae<6	,mPZR0U
c�3"3�[\^ #0S��mc9PEU$gE^�TfY0PESV^`e�h k UXP � Ê =n¡N6�UmPZR0U$TVUae0��PZR�^.+@PCR0U5D Z � = ^ +%gEPEU�3�Ê!c�¡Xh;��R0Uae 6 � Ê =n¡CU � � 6
gESfe0WXUmPZR0UKgZR0^0[\PEUXgEPnPE^`Y�[)Wac�e 6�UKPZ[Ec_e0g0+�^0[��KU�2|Sfe_PE^|c}PZ[\UXUKgES���30T ,&6-,IUa[Ec�gESfe0�|c�e�U�2���U-6�c�e82~PZR0U
gZR0^`[�PEUXgEP�g:3�c�e�e0Sfe0��PZ[\UXUmSVg�c�P�T�Uac�gEP�c9g�gCR0^`[\Pic9g�PZR0U>[\UXgZY0TVPahJ�)R0U�TVUae0��PCR�^.+8PZR0U � Y0T�Ua[�S�c_e�W ,0WXTVU
^.+gEPEU�3lÊyW�¡ S�g 2 � Ê =n¡ 6�c�e82 6-, k U����}c ��L 6`gjS�e0WXUKgZR0^0[\P � WaY0PEPESfe0�m�_S �_UXg�c�¤nc-�KSVTVPE^`e0Sfc�e�W ,`WXTVUK^.+%e0^
�`[\Uac�PEUa[�T�Uae0�_PZR 6 � U 2 � Ê =n¡ h Z Sfe0WXU �DÊ =n¡$U � � 60]8UiR�c���U � U 2 � � h
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short-cut

yCzT{8| p ,W~ � � 5 ��� 5 Z R0^`[\P � WaY0PEPESfe0�6h
U!#0S�gjPEgic�e|c�T��_^`[\SVPZR*� PE^ ��e82�c � Y0TVUa[\Sfc�e~W ,0WXTVUKS�e��\Ê � ¡�PjS/��U�h ¤)Uae0WXUKPZR0U�[jY�e�e0S�e0��PES��KUi^ +%^`Y�[
� [\UXUic9TV��^`[\SVPZR*� SVg��¼Ê � É 4 T�^_� 4 ¡Xh

& K & K>q�,#GkMyrXsCI � ) L�r�� )Ixf{*IxG9MNs�,'# K
Ê!c�¡ ¨S�e82IPCR0U5D Z � =ih
Ê 6�¡ ¨S�e82 PZR0U�e0^82�UXgi^.+"= ^.+ � ��� � �5º������ic_e82 ��e82�PZR0U ��S�e0S��KY*� TVUae0��PZR&3�Ua[ +�UXWXP �mc9PEWXR0Sfe0�

� SfeIPCR0U�WX^$��30TVUXPEUi�0[Ec�3�R>WX^`e0gESVgEPjS�e0�>^.+PZR0UXgEUie0^82�UXgo^0e0T ,�h k UXPPb E ³}Ê�e���= �,� ¡Xh
ÊyW�¡ ¨S�e82|c � Y0TVUa[\Sfc�e�W ,`WXTVU$^.+(byE�c�e82IgZR0^`[\P � WaY0P�SVP�PE^m��UXPncU¤nc-�KSVTVPE^`e0Sfc�e�W ,0WXTVU�h

�}L?#~w�G ��r�

��e 3�c�[\P�Ê$6�¡�� ] ^�PEU�PCR�c9P�PZR0UKe`Y*��6�Ua[)^.+%e0^�2�UXg�^ + = ^.+�� ��� � �$º ������SVgnU���Uae�ÊygjS�e0WXUKPZR0U$gZY*� ^.+

PZR0U�2�UX�`[\UXUXg8^.+�PCR0U�e0^82�UXg�Sfe8=�SVg 2 4 6 ��> ��>hi6U��_Uae�h ��e>PZR0SVg�gZY*� 6_PZR0U�gZY*��^���Ua[PCR0^�gEU�e0^�2�UXg8]oR0SVWXR
R�c���UnU���Uae�2�UX�0[\UXUoSVg8U���Uae��6R0Uae0WXU�PCR0UogZY*��^���Ua[�e0^�2�UXg8]�SVPZR>^82"2	2�UX�0[\UXUXg8S�gnc9TVgE^KU���Uae�hC��R0SVg�Wac�e
^`e0T ,|R�c�3"3�UaeIS +%PZR0U�Tfc9PEPEUa[)c�[\U�U���Uae>Sfe|e0Y*��6�Ua[�¡ hG¤�Uae0WXU$]8U�Wac�e ��e82~c@3�Ua[ +!UXWXP�mc�PEW R0Sfe0�6h
��e 3�c�[\P�Ê�W�¡���bHE�SVgnWX^`e�e0UXWXPEU�2 Ê�gESfe0WXUiSVP�R�c�gocmg 3�c�e�e0Sfe0��PZ[�UXU�¡�c�e82|U��_Ua[0,de0^82�UiSfe�SVPoR�c9gnU���Uae
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optimal solution

Christofides upper boundHeld/Karp lower bound
=

1.5 * Held/Karp  lower bound
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